In section 3 we define all operations on algebras: integral closure, radical saturation, differential saturation, scaling and the division by a hypersurface. This last operation together with the function ord, defined for any Q-Rees algebra, are a key point in order to construct a resolution algorithm. Except integral closure, all operations may be expressed easily in terms of generators. In section 4 we define coefficient algebra and see its properties. The stability by monoidal transformations 4.2.2 is valid in general, but the "maximal contact" (4.4) holds only if characteristic of k is zero. We also prove, in this setting, theorem 4.6 which was proved first by W lodarczyk [W lo05 ]. This theorem ensures that coefficient algebras do not depend on the choice of "maximal contact". Section 5 defines elimination algebras in the most direct way, just to allow computations. See [VU07] for a more detailed discussion on elimination algebras and the behavior with integral closure. Elimination algebras fail to have a good stability by monoidal transformations, as illustrates example 5.3. On the other hand, if characteristic of k is zero, then both coefficient algebra and elimination algebra are isomorphic 5.4 for theétale topology. Finally in section 6 we construct an algorithm of resolution of Q-Rees algebras which gives a log-resolution algorithm. We see in 6.9 that we construct the same resolution for algebras with the same integral closure, see also [EV07] .
1.3. Let J = ⊕ n J n T n be a Rees algebra. For any n ∈ N set the ideal
It can be checked that I = ⊕ n I n T n is a Rees algebra. In fact if {f 1 T n 1 , . . . , f r T nr } is a set of generators of the algebra J then {f i T m | i = 1, . . . , r, 0 ≤ m ≤ n i } is a set of generators of I. In fact it can be checked that for any n ∈ N
Note that the Rees algebra I satisfies the following property (1.3.1) if n 1 ≥ n 2 then I n 1 ⊂ I n 2
In fact I is the smallest Rees algebra satisfying (1.3.1) and such that J ⊂ I. On the other hand we have that J ⊂ I is a finite extension (i.e. the algebras J and I are equivalent (1.2)).
In order to prove the last sentence, it is enough to prove that if f ∈ J n and m ≤ n, then f T m is integral over J . We have that
so that the element f T m fulfills the monic equation Z n − (f n T nm ) = 0.
So that, up to integral closure, condition (1.3.1) may be added to our definition of algebras.
Definition 1.4. An N-Rees algebra is a Rees algebra J (1.1) satisfying (1.3.1). Equivalently, an N-Rees algebra is a collection of ideals {J n } n∈N such that (1) J 0 = R, (2) J m J n ⊂ J mn , for any m, n ∈ N, (3) if n ≤ m then J m ⊂ J n , and (4) there exist elements f 1 , . . . , f r and degrees n 1 , . . . , n r , with f i ∈ J n i , i = 1, . . . , r, such that for any n ∈ N the ideal J n is generated (as ideal) by the set {f i 1 · · · f i ℓ | n i 1 + · · · + n i ℓ ≥ n} 1.5. If R is a regular local ring there is a well-defined notion of order of ideals J ⊂ R, which can be extended to N-Rees algebras (see 2.4). In general the order will be a rational number and we will be interested in algebras with order one. Algebras with order one will allow to define inductive procedures in the process of resolution of singularities. So that we will need to normalize algebras in order to have order one, this procedure will be called scaling and it will lead naturally to consider graduation over the rational numbers.
1.6. Set Q ≥0 = {a ∈ Q | a ≥ 0}. We will consider the Q-graded algebra
Note that this graded algebra is the limit of the N-graded algebras R[T
So that every finite set of Gr-Q(R) is included in R[T
1
N ] for N big enough. This condition will allow us to use properties of Rees algebras for finitely generated sub-algebras of Gr-Q(R). Definition 1.7. A Q-Rees algebra over R is a graded subalgebra
such that the collection of ideals {J a } a∈Q ≥0 satisfies the following properties:
4) J is finitely generated, which means that there are elements f 1 , . . . , f r ∈ R and degrees a 1 , . . . , a r ∈ Q ≥0 , with f i ∈ J a i , i = 1, . . . , r, such that for any a ∈ Q ≥0 the ideal J a is generated (as ideal) by the set
With the notation of 1.7, we say that the Q-Rees algebra is generated by f 1 T a 1 , . . . , f r T ar . Note that the Q-Rees algebra J is the smallest algebra satisfying properties (1), (2) and (3) of 1.7 and containing the elements f 1 T a 1 , . . . , f r T ar .
1.9. Note that the condition of being finitely generated may be expressed as follows: There are homogeneous elements f 1 T a 1 , . . . , f r T ar ∈ J and there is an integer N such that
(1) a i N is an integer for i = 1, . . . , r, (2) the finite set
N ] as an R-algebra, and (3) for any a ∈ Q ≥0 we have that J a = J ⌈aN⌉ N .
Where ⌈a⌉ denotes the smallest integer bigger than or equal to a. In other words, a Q-Rees algebra J ⊂ Gr-Q(R) is equivalent to an N-Rees algebra in R[T 1 N ], for big enough N , where we fill rational levels according to the rule
Note also that if J is a Q-Rees algebra and
Integral closure will be the criterion to be equivalent for Q-Rees algebras. Proposition 1.11. Let J 1 and J 2 be two Q-Rees algebras in Gr-Q(R). The following statements are equivalent:
(1) J 1 and J 2 are equivalent Q-Rees algebras (1.10).
(2) For some b ∈ Q >0 , the algebras
Proof. It follows from the fact that all the extensions
are finite for M, N ∈ N.
1.12. These algebraic structures, Rees algebras (1.1), N-Rees algebras (1.4) and Q-Rees algebras (1.7) are "equivalent" up to integral closure. First of all, it follows from 1.3 that Rees algebras (1.1) and N-Rees algebras (1.4) are equivalent up to integral closure. For the equivalence of N-Rees algebras and Q-Rees algebras, we check that we can associate a Q-Rees algebra to every N-Rees algebra and vice-versa. Fix a ring R, let I = ⊕ n I n T n ⊂ R[T ] be an N-Rees algebra. Set I Gr-Q(R) = J = ⊕ a J a T a ⊂ Gr-Q(R) as follows:
It is clear that I Gr-Q(R) is a Q-Rees algebra. Recently Rees algebras have been used in new approaches to resolution of singularities in positive characteristic, see [Hir03] , [Hir05] , [VU07] , [VU08] . On the other hand, in [Kaw07] and [KM06] the authors define idealistic filtrations, which are collections of ideals indexed by real numbers with the same properties as a Q-Rees algebra (1.7).
1.14. The idealistic filtration generated by a subset L ⊂ R × R ≥0 is the minimal idealistic filtration containing the set L. An idealistic filtration is rationally and finitely generated (r.f.g) if it is generated by a finite set in R × Q ≥0 :
1.15. The three notions: Rees algebras, Q-Rees algebras and rationally and finitely generated idealistic filtrations are "equivalent" up to integral closure. By 1.12 and 1.3 it is enough to see the equivalence between Q-Rees algebras and rationally and finitely generated idealistic filtrations. And this follows by considering Q-Rees algebras and rationally and finitely generated idealistic filtrations generated by f 1 T a 1 , . . . , f r T ar (1.8 and 1.14).
Sheaves.
Let W be a smooth scheme over a (perfect) field k.
2.1.
A sequence of coherent sheaves of ideals {I n } n∈N , I n ⊂ O W , defines a sheaf of graded algebras I = ⊕ n I n T n if I 0 = O W and I m I n ⊂ I m+n for any m, n ∈ N. We say that I = ⊕ n I n T n is a Rees algebra over W if there is an affine open covering {U i } i∈Λ of W such that
Analogously we could define, N-Rees algebras and Q-Rees algebras over W . Definition 2.2. A Q-Rees algebra over W is denoted by
where {J a } a∈Q ≥0 is a collection of coherent sheaves of ideals J a ⊂ O W such that: 
2.3. Let J be a Q-Rees algebra over W and consider an affine open set U ⊂ W such that
For any open set V ⊂ U and for any point ξ ∈ U there are natural maps:
. . , f r T ar ∈ J (U ) are generators of J (U ) as Q-Rees algebra (1.8) then it is clear that the images of f 1 T a 1 , . . . , f r T ar in J (V ) (resp. J ξ ) are also generators of the Q-Rees algebra J (V ) (resp. J ξ ).
We say that J is the zero algebra at a point
Definition 2.4. Let J = ⊕ a J a T a be a Q-Rees algebra over W and let ξ ∈ W be a point. Assume that J is not the zero algebra at ξ. Define the order of J at ξ:
where ord(J a )(ξ) denotes the order of the sheaf of ideals J a at ξ
If J is the zero algebra at ξ we may set ord(J )(ξ) = ∞. We set the singular locus of J as the set
2.5. The order of J at any point ξ is always a rational number and it can be computed from a finite set of generators. If
It follows that ord(J ) : W → Q ≥0 is an upper-semicontinuous function. In particular the singular locus Sing(J ) is a closed set.
2.6. The upper-semi-continuous function ord(J ) will stratify Sing(J ) by locally closed sets and one may focus to the maximum stratum, which is closed. We say that a Q-Rees algebra J is simple if ord(J )(ξ) = 1 for any ξ ∈ Sing(J ).
We will see that, after a scaling operation (3.15) we may reduce to the simple case.
Operations
A very important concept with Rees algebras is integral closure. Given a Rees algebra
is the Rees algebra generated by all the elements of O W [T ] that are integral over J . Note that it is well-known that the integral closure is a finitely generated O W -algebra.
There is an open covering of W , such that for any open set U of the covering, an element f T n ∈ O W (U )[T ] belongs toJ if and only if there exist m ∈ N and a monic polynomial
In fact we have that J is equivalent to another Rees algebra J 1 if and only ifJ 1 =J . We may define the analogous notion for Q-Rees algebras.
is integral over J if there exist m ∈ N and a monic polynomial
We set the integral closureJ of J as the O W -algebra generated by all f T a integral over J .
From the definition we can not say thatJ is a Q-Rees algebra, since the property of being finitely generated is not clear. However, this fact will follow from radical closure. This concept was defined in [Kaw07, 2.1.3.1] and we will see the connection with [LJT74] .
For an element f ∈ O W,ξ we set
Note that ν J (f ) may be infinite if f = 0.
3.3.
With the previous notation, for any f ∈ O W,ξ consider the sequence
Using the same arguments as in [LJT74, 0.2.1] we may prove that this sequence converges to some value in R ∪ {∞}. So that it makes sense to set
The radical saturation of J is the O W -algebra generated by all f T a radical over J . We denote the radical saturation of J as R(J ).
From the definition, the radical saturation may not be a Q-Rees algebra, since the condition of being finitely generated is not immediate.
3.5. It can be proved that f T a is radical over J (3.4) if and only if there are sequences
We recall the definition of radical saturation for idealistic filtrations [Kaw07, 2.1.3.1]. An idealistic filtration is said to be radical saturated if:
It follows that the two concepts: radical saturation of Q-Rees algebras (3.4) and radical saturation of idealistic filtrations [Kaw07, 2.1.3.1] coincide.
Proposition 3.6. Let J be a Q-Rees algebra over W . The radical saturation R(J ) is a Q-Rees algebra.
Proof. It follows from [Kaw07, 2.3.2.4] where it is proved that radical saturation of a r. f. g. idealistic filtration is also a r. f. g. idealistic filtration. In fact this result also appears in [LJT74, §4] . Both proofs use similar arguments inspired in [Nag57] . By the equivalence 1.15 we conclude then that R(J ) is finitely generated and then it is a Q-Rees algebra.
Proposition 3.7. The integral closureJ is a Q-Rees algebra. In factJ = R(J ).
Proof. The order function is well defined up to equivalence of Q-Rees algebras.
Proposition 3.8. Let J 1 and J 2 be two equivalent Q-Rees algebras (1.10). Then for any ξ ∈ W we have ord(J 1 )(ξ) = ord(J 2 )(ξ).
Proof. It follows from the fact that ord(J )(ξ) = ord(R(J ))(ξ), for any ξ ∈ W , and 3.7.
Another important operation on Q-Rees algebras is differential saturation. This notion appears also for Rees algebras (see [VU08] and [VU07] ) and for idealistic filtrations [Kaw07] . See also [Hir03] . Set Diff m W to be the sheaf of differentials operators of order ≤ m. We will say that a Q-Rees algebra is differentially saturated if it is stable by the action of differentials, to be more precise:
, ∀m ∈ N, a ≥ m If J is any Q-Rees algebra, we denote Diff(J ) to be the minimal Q-Rees algebra, differentially saturated and containing J .
3.10. The Q-Rees algebra Diff(J ) always exists and it may be computed from a set of generators of J . If f 1 T a 1 , . . . , f r T ar is a set of generators of J (U ) (for some suitable open set U ), then a set of generators of Diff(J )(U ) is
W is a locally free sheaf of finite rank, we could consider a finite set of generators for Diff(J )(U ).
Proposition 3.11. Let J be a Q-Rees algebra. If ξ ∈ Sing(J ) then ord(J )(ξ) = ord(Diff(J ))(ξ). If ξ ∈ Sing(J ) then ord(Diff(J ))(ξ) = 0, or equivalently Diff(J ) ξ = Gr-Q(O W ).
Proof. See also [VU08] . First of all assume ξ ∈ Sing(J ), then there exist a ∈ Q >0 and f ∈ (J a ) ξ such that ord(f ) < a. We may assume that a ∈ N, since for any positive integer m, we have f m ∈ (J ma ) ξ and ord(f m ) < ma. Then ord(f ) ≤ a − 1 and there exists a differential operator D ∈ Diff
ξ is a unit (or equivalently ord(D(f )) = 0). By definition 3.9 D(f )T ∈ Diff(J ) ξ and this implies that Diff(J ) ξ = Gr-Q(O W ). Now assume that ξ ∈ Sing(J ). Set α = ord(J )(ξ). For any f ∈ O W,ξ with f T a ∈ J , any integer 0 ≤ k ≤ a − 1 and any differential operator D of order k, we have ord
and we conclude that ord(J )(ξ) = ord(Diff(J ))(ξ). Note that the hypothesis ξ ∈ Sing(J ) is necessary in order to have ord(f ) ≥ a in the chain of inequalities above.
Corollary 3.12. Sing(J ) = Sing(Diff(J )).
Definition 3.13. Let J 1 and J 2 be two Q-Rees algebras over W . We define J 1 ⊙ J 2 as the Q-Rees algebra generated by J 1 ∪ J 2 .
3.14. If f 1 T a 1 , . . . , f r T ar are generators of J 1 and g 1 T b 1 , . . . , g s T bs are generators of J 2 it is clear that
The notation ⊙ appeared in [EV07] . The use of ⊙ instead of ⊕ was motivated since the notation J 1 ⊕ J 2 could be ambiguous.
Definition 3.15. Given J and b ∈ Q >0 we could do a scaling on the levels of J as follows: Definition 3.17. Let J be a Q-Rees algebra over W and let ℓ ∈ Q ≥0 . Fix a (smooth) hypersurface H ⊂ W . We say that I(H) ℓ divides J if J a ⊂ I(H) ⌈aℓ⌉ for any a ∈ Q ≥0 . Note that J a = I(H) ⌈aℓ⌉ I a for some ideal I a . We set I(H) −ℓ J to be the Q-Rees algebra generated by {I a T a | a ∈ Q ≥0 }.
3.18. Note that in general a I a T a is not a Q-Rees algebra since condition (3) in 1.7 is not always satisfied.
3.19.
Let H ⊂ W be a (smooth) hypersurface, denote ν H the valuation associated to the hypersurface H.
Set ℓ H to be the supremum of all ℓ ∈ Q ≥0 such that I(H) ℓ divides J . It follows from the above characterization that
3.20. Let J be a Q-Rees algebra, and let C ⊂ Sing(J ) be a smooth and closed set. Let Π : W ′ → W be the monoidal transformation with center C. The total transform of J is J * = ⊕ a J * a T a , where J * a is the total transform of J a . Note that J * is a Q-Rees algebra. Set H ⊂ W ′ to be the exceptional divisor of Π. g 1 T a 1 , . . . , g r T r .
3.21. Let E = {H 1 , . . . , H N } be a set of smooth hypersurfaces in W having only normal crossings and let J = ⊕ a J a T a be a Q-Rees algebra over W . For i = 1, . . . , r, set ℓ H i to be the maximum such that I(
where I a ⊂ O W is a sheaf of ideals. Set I = E −1 J to be the Q-Rees algebra generated by {I a T a | a ∈ Q ≥0 }. We will call E −1 J the non monomial part of J with respect to E.
3.22.
Consider some point or some affine open set of W . Suppose that f 1 T a 1 , . . . , f r T ar are generators of J and I(H j ) = (x j ), j = 1, . . . , N . Set c i,j = ν H j (f i ), for i = 1, . . . , r and j = 1, . . . , N . We have
. . , r}. The Q-Rees algebra E −1 J is generated by
Coefficient algebras.
For any morphism V → W of smooth varieties we have the natural morphism of sheaves O W → O V . We may also consider a morphism Gr-Q(O W ) → Gr-Q(O V ). 
where for any i = 1, . . . , N , 
Proof. See [EV07] .
A key fact for proving resolution of singularities in characteristic zero is the existence (locally) of hypersurfaces V ⊂ W such that the singular locus of a simple Q-Rees algebra J (2.6) is included in V .
Theorem 4.4. Assume that characteristic of the ground field k is zero. Let J be a simple Q-Rees algebra (2.6) over W and ξ ∈ Sing(J ).
There is an open set ξ ∈ U ⊂ W and a smooth hypersurface ξ ∈ V ⊂ U such that 
Theorem 4.4 allows to choose hypersurfaces V with the property 4.4.1. This is the inductive argument in the proof of resolution of singularities. We replace the simple algebra J in W with the algebra Coeff V (J ) in V . But we have to prove that the total procedure will be independent of the choice of V . This problem was originally solved by Hironaka, by considering an equivalence relation of objects and proving that the procedure of resolution depends only on the equivalence class of the algebra J .
An alternative path is the solution given by W lodarczyk [W lo05].
Theorem 4.6. Let J be a simple Q-Rees algebra. Fix a point ξ ∈ Sing(J ). Assume that V 1 and V 2 are two smooth hypersurfaces of W , ξ ∈ V 1 ∩ V 2 . Then there is anétale neighborhood U of ξ in W and an automorphism ϕ : U → U such that
Proof. We repeat the proof of [W lo05] in terms of Q-Rees algebras. 
and
Now note that h i T i ∈ Diff(Ĵ ) for all i ≥ 0, and F T a ∈ Diff(Ĵ ) implies that
We conclude ϕ ♯ (f )T a ∈ Diff(Ĵ ) and then ϕ ♯ (f )T a ∈ Diff(J ) ξ at a suitableétale neighborhood.
Elimination algebras.
Villamayor has introduced in the paper [VU07] the concept of elimination algebra. The coefficient algebra is defined for an inclusion V ⊂ W and the elimination algebra will be defined for a smooth morphism W → V . In characteristic zero both algebras will encode the same information.
Definition 5.1. Let J be a Q-Rees algebra over W , with pure dimension d = dim(W ). Let V a regular algebraic variety of pure dimension d − 1 and β : W → V be a smooth morphism. Consider the natural sheaf homomorphism O V → O W , which induces an homomorphism
The elimination algebra has good properties when the algebra J is simple and differentially saturated. In fact in [VU07] the elimination algebra is only defined for simple algebras saturated by the relative differentials with respect to the morphism β. Note that in [VU07] the elimination algebra is constructed using a universal algebra in terms of symmetric polynomial. This way properties related to integral closure can be proved.
Theorem 5.2.
[VU07] Let J be a simple Q-Rees algebra over W , and let β : W → V be a smooth morphism, dim V = dim W − 1. Assume that J = Diff(J ) then
Moreover, β is 1-1 between the points of Sing(R V (J )) and β(Sing(J )).
Unfortunately the equality in 5.2 does not hold, in general, after monoidal transformation.
and β : W → V the usual projection. Consider the Q-Rees algebra J generated by (x 2 + y 2 z)T 2 . The differential saturation is generated by
The elimination algebra of the differential saturation A = R V (Diff(J )) is generated by y 2 T . Now consider the blowing-up with center at the origin of W and consider the affine chart where the ideal of the exceptional divisor is z. The transform J 1 of J is generated by (x 2 + y 2 z)T 2 . The transform A 1 of the elimination algebra A is generated by y 2 zT . Note that Sing(J 1 ) is a line and Sing(A 1 ) is a union of two lines with
If the characteristic of k is zero then equality in theorem 5.2 is stable by monoidal transformation. In fact, after anétale extension, the coefficient and elimination algebra are isomorphic.
Theorem 5.4. Assume that the characteristic of the ground field k is zero. Let J be a simple Q-Rees algebra. Fix a closed point ξ ∈ Sing(J ). There is anétale neighborhood of ξ, U in W , a smooth hypersurface V ⊂ U and a retraction β :
Proof. By theorem 4.4 there is an equation z ∈ O W,ξ with zT ∈ Diff(J ). Consider x 2 , . . . , x d ∈ O W,ξ such that z, x 2 , . . . , x d is a regular system of parameters. SetĴ = J Gr-Q(Ô W,ξ ). We will prove that
where V is the hypersurface defined by z = 0. Note that we are consideringÔ W,ξ as the power series ring k ′ [[z, x 2 , . . . , 
It is enough to prove that a 0 (x)T b ∈ Diff(Ĵ ). In fact we will see by descending induction that
Recall that zT ∈ Diff(Ĵ ) and then
It follows from the expression
6. Algorithm of resolution in characteristic zero case.
Along this section we assume that the characteristic of the field k is zero.
We will describe here an algorithm of resolution for Q-Rees algebras. It is inspired in [EH02] .
Definition 6.1. Let J be a Q-Rees algebra over W . Assume that E is a set of hypersurfaces of W having only normal crossings. A resolution of J over (W, E) is a sequence of monoidal transformations:
consists of all strict transforms of E i and the exceptional divisor of W i+1 → W i and
A log-resolution of an ideal J ⊂ O W can be achieved by a resolution of the Q-Rees algebra generated by JT . We will construct the sequence 6.1.1 inductively on the number of blowing-ups and the dimension d of W .
6.2. At every step we will define an upper-semi-continuous function ̥c Each center C i ⊂ W i will be the set of points where the function ̥c
is maximum:
i } Moreover, it can be proved that sequence 6.1.1 together with functions ̥c have the following properties:
6.3. We we will require also a stability property with smooth morphisms. Let J be a Q-Rees algebra over (W, E), let W ′ → W be a smooth morphism. Set E ′ to be the set of hypersurfaces of W ′ obtained by the pullback of E. Set J ′ to be the Q-Rees algebra obtained also by pullback. In this situation we have two sequences, say the resolutions of J and J ′ . Denote the resolution of J : On the other hand denote the resolution of J ′ :
. . , N ′ − 1, are the functions associated to the resolution of J ′ . The stability property says that the sequence 6.3.2 is the pullback, via W ′ → W , of the sequence 6.3.1; and functions take the same values
i and any i = 0, 1, . . . , N ′ − 1. Where ξ ′ ∈ W ′ i maps to ξ ∈ W i . 6.4. Dimension one case. If dim W = 1, the singular locus J is a finite number of points in W . We set ̥c (1) 1 = ord(J 1 ) and continue with this procedure. It is easy to prove that we obtain a sequence as in 6.1.1 with the required properties in 6.2.
6.5.
In what follows we will fix a dimension d > 1 and assume that we have constructed resolution of Q-Rees algebras over varieties of dimension d − 1. The constructed procedure satisfies properties in 6.1 and 6.2, and also stability property 6.3 for smooth morphisms of relative dimension zero.
6.6. Initial step. Fix a point ξ 0 ∈ Sing(J 0 ). We construct the value ̥c 
where E ξ 0 ,0 is the Q-Rees algebra generated by {I(H)T | H ∈ E 0 , ξ 0 ∈ H}. The Q-Rees algebra P ξ 0 ,0 has order one at ξ 0 . We may consider an open neighborhood of ξ 0 such that the algebra P ξ 0 ,0 is simple. By 4.4 we could consider a more suitable neighborhood U in order to choose a smooth hypersurface
= 0 then, by induction (6.5), the value ̥c
) is already defined, where we set
In any case, we may set ̥c
(ξ 0 )) where the second component is 0 because at the beginning there are no exceptional divisors. We will define this component in 6.8.1. The value ̥c 
6.7.
Step i. Assume now that d = dim W > 1. And suppose that we have already constructed the first i steps of the sequence 6.1.1.
and the functions ̥c
satisfying properties in 6.1 and 6.2, and also stability property 6.3 for smooth morphisms of relative dimension zero. For any j = 0, . . . , i − 1, the algebra J j is the transform of J 0 in W j . We denote by E j,0 to be the set of strict transforms of E 0 in W j . Note that E j,0 ⊂ E j . We set the non-monomial part of J j (6.7.2)
For any point ξ i ∈ W i we denote ξ j ∈ W j , j = 0, . . . , i − 1 to be the image of ξ i in W j . By construction the first coordinate of the ̥c
ξ j ,j = ord(I j )(ξ j ). We have the chain of inequalities ω Denote by E i,j 0 to be the set of strict transforms of E j 0 in W i , E i,j 0 ⊂ E i . Define (6.8.1)
where E ξ i ,i is the Q-Rees algebra generated by {I(H)T | H ∈ E i,j 0 , ξ i ∈ H}. The order of P ξ i ,i at ξ i is one, so that there is an open neighborhood U where P ξ i ,i is simple. By 4.4 we could shrink U and choose a smooth hypersurface W To prove our claim is enough to see that all operations involved are stable by integral closure: We may proceed by induction on i = 0, . . . , N − 1. If J j and J ′ j , j = 0, . . . , i are equivalent and the sequences in 6.9.1 and 6.9.2 coincide for the first i steps, then
• the algebras I j and I ′ j defined as in 6.7.2 are equivalent, • the algebras P ξ i ,i , T ξ i ,i and P ′ ξ i ,i , T ′ ξ i ,i defined as in 6.8 are, respectively, equivalent. Finally the centers C i = C ′ i coincide and the transforms J i+1 and J ′ i+1 are equivalent.
